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Abstract
Let T be the class of Banach spaces E for which every weakly continuous mapping from an α-favorable space to E is norm
continuous at the points of a dense subset. We show that:
• T contains all weakly Lindelöf Banach spaces;
• l∞ /∈ T , which brings clarity to a concern expressed by Haydon ([R. Haydon, Baire trees, bad norms and the Namioka property,
Mathematika 42 (1995) 30–42], pp. 30–31) about the need of additional set-theoretical assumptions for this conclusion. Also,
(l∞/c0) /∈ T .
• T is stable under weak homeomorphisms;
• E ∈ T iff every quasi-continuous mapping from a complete metric space to (E,weak) is densely norm continuous;
• E ∈ T iff every quasi-continuous mapping from a complete metric space to (E,weak) is weakly continuous at some point.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
For an arbitrary Banach space E, Isaac Namioka proved (see [33]) that every weakly continuous mapping f :Z →
E defined on a countably ˇCech-complete space Z must be norm continuous at the points of a dense (and necessarily
Gδ) subset of Z. This result (and its applications) considerably increased the interest toward such kind of problems
(see [44,7,42,8,9]). At the time the expectation was that the result of Namioka would remain valid for arbitrary Baire
spaces Z. However this hope was extinguished when Talagrand provided [44] an example of a weakly continuous
nowhere norm continuous mapping defined on an α-favorable space Z. This situation suggests the investigation of the
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2746 P.S. Kenderov et al. / Topology and its Applications 153 (2006) 2745–2759class N (the class T ) of Banach spaces E for which every weakly continuous mapping f :Z → E defined on a Baire
space (on an α-favorable space) Z is norm continuous at the points of a dense subset of Z. Clearly, N is included in
T and an example of Haydon [12], based upon a tree of Todorcˇevic´, shows that N is, in fact, a proper subclass of T .
In this paper we characterize the spaces from T by means of a topological game that is closely related to the notions
of fragmentability and sigma-fragmentability. This allows us to prove the results mentioned in the abstract (as well as
generalizations of some of them).
We shall first recall the definitions of the notions used (α-favorability, quasi-continuity, etc.) and describe the main
technical tool (a topological game which we call the “fragmenting game”). For the first notion we need a topological
game which is the grandparent of many other topological games. This is the well known “Banach–Mazur game” (also
called the “Choquet game”).
Let Z be a topological space. The Banach–Mazur game BM(Z) is played by two players α and β , who select
alternately, nonempty open subsets of Z. It is α who starts the game by selecting the set W0 := Z. In response to this
move the player β replies by selecting some nonempty open subset V0 of W0. At the nth stage of the game, n  1,
the player α chooses a nonempty open subset Wn ⊂ Vn−1 and β answers by choosing a nonempty open subset Vn of
Wn. Proceeding in this fashion, the players generate a sequence (Wn,Vn)∞n=0 which is called a play. The player α is
said to have won the play (Wn,Vn)∞n=0 if
⋂
n0 Vn =
⋂
n0 Wn = ∅; otherwise the player β is said to have won this
play. A partial play is a finite sequence of sets consisting of the first few moves of a play. A strategy for the player
α is a rule by means of which the player makes his/her choices. Here is a more formal definition of the notion of a
strategy. A strategy ζ for the player α is a mapping which is defined on a subset of the set of all partial plays of the
type pn := (W0,V0,W1,V1,W2,V2, . . . ,Wn,Vn). ζ assigns to every partial play pn from its domain some nonempty
open set Wn+1 = ζ(pn) which is a subset of Vn. The domain of ζ is the union of the sets PPn (each consisting of
partial plays pn) defined inductively as follows:
PP0 :=
{
p0 = (W0,V0): ∅ = V0 ⊂ W0 = Z
}
,
PPn+1 :=
{
pn+1 = (pn,Wn+1,Vn+1): pn ∈ PPn, Wn+1 = ζ(pn) and ∅ = Vn+1 ⊂ Wn+1
}
.
In other words, PPn consists of partial plays obtained by applying the strategy ζ in the previous stages of the game.
A ζ -play is a play in which α selects his/her moves according to the strategy ζ . The strategy ζ for the player α is
said to be a winning strategy if every ζ -play is won by α. A space Z is called α-favorable if there exists a winning
strategy for α in BM(Z).
It is easy to verify that every α-favorable space Z is a Baire space, that is, a space in which the intersection of
countably many dense and open subsets is dense in the space. There are examples of Baire spaces that are not α-
favorable. It is known (see [42, Theorems 1, 2]) that Z is a Baire space if, and only if, the player β does not have a
winning strategy in the game BM(Z).
Let us also recall that a completely regular space Z is called ˇCech complete if it is a Gδ-subset of some compact
space. Z is said to be almost ˇCech complete if it is completely regular and contains, as a dense subset, a ˇCech complete
subspace. It is known that complete metric spaces and locally compact spaces are ˇCech complete. It is easy to see that
every almost ˇCech complete space is α-favorable.
Below we will also use the simple observation that for any α-favorable space Z and any subset H which is of the
first Baire category in Z (i.e., H is the union of countably many sets whose closures have no interior points) there
exists a strategy ζ for player α such that
⋂
i0 Wi = ∅ and H ∩ (
⋂
i0 Wi) = ∅ for each ζ -play (Wi,Vi)i0.
Definition 1. A mapping g :Z → X acting between topological spaces (Z, τ ′) and (X, τ) is said to be τ -quasi-
continuous at a point z0 if, for every open neighborhood U of g(z0), there exists an open set V ⊂ Z such that:
(a) z0 ∈ V (the closure of V in Z);
(b) g(V ) :=⋃{g(z): z ∈ V } ⊂ U .
The mapping g is called τ -quasi-continuous if it is τ -quasi-continuous at each point of Z. When there is no ambiguity
concerning the topology τ we shall simply say that g is quasi-continuous.
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X with z0 ∈ W and g(z0) ∈ U there is some open nonempty set V ⊂ W such that g(V ) ⊂ U .
Contrary to what one expects, there are simple examples of quasi-continuous mappings f that are nowhere contin-
uous. If the spaces Z and X however have some additional properties (for instance, if Z is Baire and X is metrizable),
then the set of continuity points is residual in Z (i.e., it contains some dense Gδ subset of Z).
We will need the following simple fact that is of independent interest as well.
Proposition 1. Let f be an open and quasi-continuous mapping defined on an α-favorable space Z. Then f (Z) is
an α-favorable space. In particular, for any quasi-continuous mapping f :Z → X defined on an α-favorable space Z
the graph G(f ) := {(z, x) ∈ Z ×X: x = f (z)} of f is α-favorable.
Proof. Let ζ be a winning strategy for the player α in the Banach–Mazur game BM(Z). We will define a winning
strategy η for the player α in BM(f (Z)). Let L0 := f (Z) and let L′0 be the first move of the player β in the Banach–
Mazur game played on f (Z). By the quasi-continuity of f there exists a nonempty open subset V0 ⊂ W0 := Z such
that f (V0) ⊂ L′0. Consider V0 as the first move of β in the game BM(Z) and denote by W1 the answer of α according to
the strategy ζ . Put L1 := f (W1) to be the answer of α to the first move L′0 of β in the game in BM(f (Z)). Proceeding
inductively we construct the strategy η so that to every η-play (Li,L′i )i0 in BM(f (Z)) there corresponds a ζ -play
(Wi,Vi)i0 in BM(Z) such that for every i  0
f (Wi) = Li.
Since ζ is a winning strategy there is a point z0 ∈⋂i1 Wi and so f (z0) ∈⋂i1 Li . This shows that η is a winning
strategy and completes the proof of the first part of the statement. To deduce that G(f ) is α-favorable whenever f
is quasi-continuous and Z is α-favorable we need only apply the previous result to the open and quasi-continuous
mapping g :Z → G(f ) defined by, g(z) := (z, f (z)). 
Note that in the previous proposition, if both X and Z are completely regular, then so is G(f ).
Proposition 2. Let (X, τ) be a topological space and let ρ be some metric defined on it. Then the following conditions
are equivalent:
(i) every continuous mapping f :Z → (X, τ) from an α-favorable space Z into (X, τ) is ρ-continuous at the points
of a dense subset of Z;
(ii) every quasi-continuous mapping f :Z → (X, τ) from an α-favorable space Z into (X, τ) is ρ-continuous at the
points of a dense subset of Z.
Proof. It is clear that condition (i) is implied by condition (ii). We now show that (i) implies (ii). Let f :Z → X be
a τ -quasi-continuous mapping and Z an α-favorable space. Denote by π the natural projection of Z × (X, τ) onto
(X, τ). The restriction of π to the graph G(f ) of f is continuous. By Proposition 1 the graph of f is α-favorable.
Then condition (i) implies that the restriction of π to the graph will be ρ-continuous at the points of a dense subset
of G(f ). Consider some ε > 0 and some nonempty open subset W ⊂ Z. We will show that there exists a nonempty
open subset V ′ ⊂ W such that ρ- diam[f (V ′)] ε.
Since W is open in Z, the set W × X is open in Z × X and intersects G(f ). Therefore there exists some point
(z∗, f (z∗)) ∈ W × X at which π is ρ-continuous. Then, for some open sets V ⊂ Z and U ⊂ X containing z∗ and
f (z∗) respectively, we have
ρ- diam
[
π
(
(V ×U)∩G(f ))] ε.
By the quasi-continuity of f there is some nonempty open V ′ ⊂ V such that f (V ′) ⊂ U . Clearly, f (V ′) ⊂
π((V ×U)∩G(f )).
The sets Vn :=⋃{V : V open in Z and ρ- diam[f (V )] n−1}, n = 1,2, . . . are open and dense in Z. Clearly, f is
ρ-continuous at the points of the intersection
⋂
n1 Vn, which is dense (and Gδ) in Z. 
In the particular case when X = E is a Banach space, τ is the weak and ρ is the metric generated by the norm, we
get the following corollary:
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(i) every continuous mapping f :Z → (E,weak) defined on an α-favorable space Z is norm-continuous at the points
of a dense subset of Z;
(ii) every quasi-continuous mapping f :Z → (E,weak) defined on an α-favorable space Z is norm-continuous at
the points of a dense subset of Z.
Note that in the last two propositions the set of points at which f is continuous with respect to the metric topology
is not only dense but also Gδ subset of Z. Condition (ii) in the last proposition gives another definition of the class
T which is easier to reformulate by means of games. We will consider a slightly more general situation when two
topologies τ and τ ′ are given on some space X and the following condition is fulfilled:
Every τ -quasi-continuous mapping f :Z → (X, τ) from an α-favorable space Z into (X, τ) is τ ′-continuous at
the points of a dense subset of Z.
As we will see in the next section it is this condition that can be reformulated as an intrinsic property of the space
X (via a topological game involving the topologies τ and τ ′).
2. The game G(X,τ,τ ′) and the continuity of quasi-continuous mappings
The main technical tool in this paper is the topological game G(X,τ, τ ′) which we call the “fragmenting game”.
The reason for this name will become clear later. Two players Ω and Σ select, one after the other, subsets of X.
Ω starts the game by selecting the set B0 = X. Σ answers by choosing any nonempty subset A1 of B0 and Ω goes
on by taking a nonempty subset B1 ⊂ A1 which is relatively τ -open in A1. In general, Σ selects any nonempty
subset An of the last move Bn−1 of Ω and the latter player answers by choosing a nonempty relatively τ -open
subset Bn of the set An, just chosen by Σ . Acting in this way, the players “produce” a sequence of nonempty sets
B0 ⊃ A1 ⊃ B1 ⊃ A2 ⊃ · · · ⊃ An ⊃ Bn ⊃ · · ·, which is called a play and will be denoted by p := (Ai,Bi)i1 (there
is no need to include in this notation the space X which is the initial obligatory move of Ω). The winning rule is
connected with the topology τ ′. The player Ω is said to have won a play p := (Ai,Bi)i1, if the set ⋂n1 An is
either empty or contains exactly one point x and for every τ ′-open neighborhood U of x, there is some positive n with
Bn ⊂ U . Otherwise the player Σ is said to have won this play.
A partial play is a finite sequence which consists of the first few moves B0 ⊃ A1 ⊃ B1 ⊃ A2 ⊃ · · · ⊃ Bn (or B0 ⊃
A1 ⊃ B1 ⊃ A2 ⊃ · · · ⊃ An) of the players. A strategy σ for the player Σ is a mapping which assigns to some partial
plays of the type p = (B0 ⊃ A1 ⊃ B1 ⊃ A2 ⊃ · · · ⊃ Bn) an extended partial play σ(p) = (B0 ⊃ A1 ⊃ B1 ⊃ A2 ⊃
· · · ⊃ Bn ⊃ An+1) = (p,An+1) where An+1 (the actual choice of Σ under the strategy σ ) is an arbitrary nonempty
subset of Bn. The domain of σ is the union of sets PPn, n 0 (each consisting of partial plays pn) defined inductively
as follows:
PP0 :=
{
p0 = (B0): B0 = X
}
,
PPn+1 :=
{
pn+1 =
(
σ(pn),Bn+1
)
: pn ∈ PPn and ∅ = Bn+1 ⊂ An+1
}
.
In other words, PPn consists of partial plays obtained by applying the strategy σ at every move.
When constructing a strategy σ it suffices to determine the corresponding sets An.
A strategy ω for Ω is defined in a similar way. Sometimes we will denote the first choice of Σ (i.e., A1) under
a strategy σ by σ(X) or by σ(B0). A σ -play (ω-play) is a play in which Σ (Ω) selects his/her moves according to
the strategy σ (ω). The strategy ω (σ ) is said to be a winning strategy if every ω-play (σ -play) is won by Ω (Σ ). The
game G(X,τ, τ ′) or the space X is called Ω-favorable (Σ -favorable), if there is a winning strategy for the player Ω
(Σ ). The game G(X,τ, τ ′) (or the space X) is called Σ -unfavorable, if there does not exist a winning strategy for the
player Σ .
Theorem 1. Let τ , τ ′ be two T1 topologies on a set X. Suppose that for every τ ′-open set U and every point x ∈ U
there exists a τ ′-neighborhood V of x such that V τ ⊂ U . Then the following conditions are equivalent:
(i) The game G(X,τ, τ ′) is Σ -unfavorable;
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point of τ ′-continuity;
(iii) every quasi-continuous mapping f :Z → (X, τ) from an α-favorable space Z into (X, τ) is τ ′-continuous at the
points of a subset which is of second category in every nonempty open subset of Z.
Note that the absence of a winning strategy for the player Σ does not necessarily imply that Ω has a winning
strategy. As an example in this direction one could take the space of continuous functions C(T ) on the compact T
constructed by Haydon [12]. It will become clear later that for τ = τp (i.e., the topology of pointwise convergence
on T ) and τ ′ equal to the norm topology on C(T ), the game G(C(T ), τ, τ ′) is unfavorable for both players. At the
end of the paper we will discuss, in more detail, the relation between fragmentability of the space X and the existence
of a winning strategy for the player Ω .
Proof of Theorem 1. We only outline the proof of this theorem here because it is very similar to the proof of the main
result from [21] where the partial case τ = τ ′ was considered. We show that (i) ⇒ (iii) and (ii) ⇒ (i). The implication
(iii) ⇒ (ii) is obvious.
(i) ⇒ (iii). Suppose X is Σ -unfavorable for G(X,τ, τ ′) and f :Z → X is a τ -quasi-continuous mapping from an
α-favorable space Z. Let H be any first Baire category subset of Z. Then there is some winning strategy ζ for the
player α in BM(Z) which “avoids” the set H , that is,
⋂
i0 Wi = ∅ and H ∩ (
⋂
i0 Wi) = ∅ whenever (Wi,Vi)i0
is a ζ -play. Consider an open V0 = ∅, V0 ⊂ Z. We will show that f is τ ′-continuous at some point of V0 \ H . To
do this we first construct a strategy σ for the player Σ in G(X,τ, τ ′) and then use the fact that Ω wins at least one
σ -play. Define the first move of β in BM(Z) to be V0 and let W1 := ζ(W0 = Z,V0) be the answer of α. Assign
A1 := f (W1) to be the first move of the strategy σ . Suppose that the answer of Ω in G(X,τ, τ ′) is B1, a nonempty
relatively τ -open subset of A1. By τ -quasi-continuity of f there exists some nonempty open subset V1 of W1, such
that f (V1) ⊂ B1. Consider the set V1 as the next move of the player β in the game BM(Z). The player α, of course,
uses the strategy ζ to answer this move and selects the set W2 := ζ(W0,V0,W1,V1). Then we define the second
move of Σ in G(X,τ, τ ′) to be A2 := σ(B0,A1,B1) := f (W2). Proceeding like this, we inductively construct a
strategy σ . Together with each σ -play (Ai,Bi)i1 in G(X,τ, τ ′) we also construct a ζ -play (Wi,Vi)i0 in BM(Z)
with An := f (Wn) and Wn := ζ(W0,V0,W1,V1, . . . ,Wn−1,Vn−1) for n = 1,2, . . . .
As ζ is a winning strategy for α, we have
⋂
i1 Wi = ∅. Therefore
∅ = f
(⋂
i1
Wi
)
⊂
⋂
i1
f (Wi) =
⋂
i1
Ai.
Since X is Σ -unfavorable, there is some σ -play (Ai,Bi)i1 that is won by Ω ; hence the nonempty set
⋂
i1 Ai
consists of just one point x and has the property that for every τ ′-neighborhood U of x there is some n with An =
f (Wn) ⊂ U . This implies that f (z) = x for every z ∈⋂i1 Wi ⊂ V0 \H and that f is τ ′-continuous at each such z.
(ii) ⇒ (i). Let σ be an arbitrary strategy for the player Σ in G(X,τ, τ ′). We will show that it is not a winning one.
Consider the space P of all σ -plays p := (Ai,Bi)i1 endowed with the Baire metric d ; that is, if p := (Ai,Bi)i1 ∈ P
and p′ := (A′i ,B ′i )i1 ∈ P , then d(p,p′) := 0 if p = p′ and d(p,p′) := 1/n, where n := min{k: Bk = B ′k}, if p = p′.
Note that all the plays in P start with the same set A1 := σ(B0 = X), the first choice of the strategy σ . Also, if Ai = A′i
and Bi = B ′i for all i  n, then
An+1 := σ(B0,A1,B1, . . . ,An,Bn) = σ(B0,A′1,B ′1, . . . ,A′n,B ′n) := A′n+1.
In other words, if p = p′, then there is some n, such that Bn = B ′n, Ai = A′i for i  n and Bi = B ′i for i < n. It is easy
to verify that (P, d) is a complete metric space.
Consider the (set-valued) mapping F :P → X defined by F((Ai,Bi)i1) :=⋂i1 Ai . If for some σ -play p we
have F(p) = ∅, then the play p is won by Ω and there is nothing to prove. Therefore, without loss of generality, we
may assume that F is nonempty-valued at every point of P . Let f :P → X be an arbitrary selection of the nonempty-
valued map F :P → X (i.e., f (p) ∈ F(p) for every p ∈ P ). Next we will show that f is τ -quasi-continuous. Then,
by property (ii), f will be τ ′-continuous at some point p0 ∈ P . Finally we will show (see Proposition 4 below) that
the play p0 is won by Ω . This will show that σ is not a winning strategy and will complete the proof. 
The next simple lemma which is similar to Proposition 2.3 of [27] plays an important role for our considerations.
2750 P.S. Kenderov et al. / Topology and its Applications 153 (2006) 2745–2759Lemma 1. Let the play p0 := (Ai,Bi)i1 be an element of the space P and let U be a τ -open subset of X with
U ∩An = ∅ for every n = 1,2,3, . . . . Then there exists an open subset V in P such that:
(a) p0 ∈ V ;
(b) F(V ) :=⋃{F(p): p ∈ V } ⊂ U .
Proof of the lemma. Let p0 := (Ai,Bi)i1 and U be as stated in the formulation of the lemma. Given a positive
integer n, consider the nonempty set B ′n := An ∩ U (which is relatively τ -open in An and is a possible move of the
player Ω). Denote by A′n+1 the set σ(A1, . . . ,B ′n) which is the answer of player Σ by means of the strategy σ .
Let p′ ∈ P be some play in G(X,τ, τ ′) which starts with the partial play (A1, . . . ,A′n+1). Clearly, d(p0,p′) n−1.
Moreover, the d-ball B[p0, n−1] := {p: d(p0,p)  n−1} contains the ball B[p′, (n + 1)−1] and for every play p′′
in the latter ball we have F(p′′) ⊂ B ′n ⊂ U . Put Vn to be B[p′, (n + 1)−1]. Thus, for every integer n > 0, there
exists an open subset Vn ⊂ B[p0, n−1] such that F(Vn) ⊂ U . The set V :=⋃n1 Vn satisfies the requirements of (a)
and (b). 
This lemma immediately yields:
Corollary 1. Every single-valued selection f of the set-valued mapping F :P → X defined above is τ -quasi-
continuous.
By (ii) f has a point of τ ′-continuity. To complete the proof of the theorem we need the following proposition.
Proposition 4. Let f be an arbitrary single-valued selection of the set-valued mapping F :P → X. If f is τ ′-
continuous at some point p0 ∈ P , then the play p0 := (Ai,Bi)i1 is won by the player Ω in the game G(X,τ, τ ′).
Proof. Let W be a τ ′-open subset of X with f (p0) ∈ W . Since f is τ ′-continuous at p0 := (Ai,Bi)i1, there exists
some open V ′, p0 ∈ V ′ ⊂ P , with f (V ′) ⊂ W . We will now show that there is some integer n > 0 for which An ⊂ Wτ
and, in particular, F(p0) ⊂ Wτ . In view of the relation between the topologies τ and τ ′ assumed in the formulation
of the theorem, this will suffice to deduce that F(p0) = {f (p0)} and that the play p0 is won by the player Ω .
Suppose that the τ -open set U := X \ Wτ intersects all the sets An, n = 1,2, . . . . By the above Lemma 1, there
is some open set V ⊂ P such that p0 ∈ V and f (V ) ⊂ F(V ) ⊂ U . In particular, this means that there is a point
p′ ∈ V ∩ V ′ = ∅. For this point p′ we have the contradiction: f (p′) ∈ U ∩ W = ∅. This shows that, for some n > 0,
An ⊂ Wτ . This completes the proofs of both Proposition 4 and Theorem 1. 
Remark 1. The relation An ⊂ Wτ implies that F(B[p0, n−1]) ⊂ Wτ . Since W was an arbitrary τ ′-open neighborhood
of F(p0) = {f (p0)}, we can derive from here that F is τ ′-upper semi-continuous at p0.
Theorem 2. Under the hypotheses of Theorem 1 and the additional assumption that τ ′ is a metrizable topology the
list of equivalent conditions in Theorem 1 can be extended by the following one:
(iv) every continuous mapping f :Z → (X, τ) from an α-favorable space Z into (X, τ) is τ ′-continuous at the points
of a dense Gδ-subset of Z.
Proof. Follows from Proposition 2. 
There are two particular cases of the general results provided in Theorems 1 and 2 that are of special importance
for us. These are the cases when X is a subset of some Banach space E and either:
(a) τ = τ ′ = weak topology in X or,
(b) τ = weak and τ ′ = norm topology in X.
In case (a) Theorem 1 immediately yields.
P.S. Kenderov et al. / Topology and its Applications 153 (2006) 2745–2759 2751Corollary 2. The following properties of a subset X of a Banach space E are equivalent:
(i) G(X,weak,weak) is Σ -unfavorable;
(ii) every quasi-continuous mapping f :Z → (X,weak) from a complete metric space Z is weakly continuous at
some point of Z;
(iii) every quasi-continuous mapping f :Z → (X,weak) from an α-favorable space Z is weakly continuous at the
points of a subset of Z which is of second category in every nonempty open subset of Z.
In the case (b) where τ ′ is a metrizable topology, the set of τ ′-continuity points is always a Gδ set. Hence, from
Theorems 1 and 2, we have the following result.
Corollary 3. The following properties of a subset X of a Banach space E are equivalent:
(i) G(X,weak,norm) is Σ -unfavorable;
(ii) every quasi-continuous mapping f :Z → (X,weak) from a complete metric space Z is norm continuous at some
point of Z;
(iii) every quasi-continuous mapping f :Z → (X,weak) from a complete metric space Z is norm continuous at the
points of some dense and Gδ subset of Z;
(iv) every quasi-continuous mapping f :Z → (X,weak) from an α-favorable space Z is norm continuous at the
points of a dense and Gδ subset of Z;
(v) every continuous mapping f :Z → (X,weak) from an α-favorable space Z is norm continuous at the points of
a dense and Gδ subset of Z.
Note that the equivalence between (i) and (iii) in the last corollary was proved in Theorem 5.2 of [32]. In the next
section we will show that every one of the equivalent conditions in Corollary 2 is equivalent to any of the conditions
in Corollary 3.
In [9] Deville gives an example of a weakly continuous nowhere norm continuous mapping h :B → l∞ defined
in a Baire space B . This means that l∞ does not belong to the class N . The question of whether or not l∞ belongs
to T was discussed by Haydon in [12] (see bottom of p. 30 and the beginning of p. 31). Haydon comments that it is
not clear if there exists a weakly continuous mapping f :Z → l∞ defined on an α-favorable space which is nowhere
norm continuous. It was conjectured by him that this “. . . may conceivably depend upon additional set-theoretic
assumptions”. As is seen from the next proposition such mappings do exist (without assuming additional set-theoretic
conditions).
Proposition 5. Neither the Banach space l∞ nor l∞/c0 belong to T . Hence there exists, in both cases, a weakly
continuous mappings acting from an α-favorable space into l∞ (respectively l∞/c0) that is nowhere norm continuous.
Proof. First let E = l∞. In Proposition 5.1 from [25] it is proved that there exists a strategy σ for the player
Σ in the game G(E,weak,norm) such that, for every play p := (Ai,Bi)i1, the set ⋂i1 Ai is nonempty and
infi1 ‖·‖-diam[Ai] > 0. Corollary 3 shows that there exists a weakly continuous mapping h :Z → E defined on an α-
favorable space which is nowhere norm continuous. This completes the proof. We would like however to describe this
mapping h in more detail. Consider the complete metric space P of all σ -plays p := (Ai,Bi)i1 and the set-valued
mapping F :P → E defined by F((Ai,Bi)i1) :=⋂i1 Ai . The properties of σ imply the set F(p) is nonempty for
every p ∈ P . Let f :P → E be some single-valued selection of F . Apply the proof of Theorem 1 (especially the part
where the implication (ii) ⇒ (i) was established) to the case when X = E, τ = weak and τ ′ = norm. By Corollary 1,
f is a weakly quasi-continuous mapping defined on the complete metric space P . According to Proposition 4 and the
properties of σ the mapping f is nowhere norm continuous. Consider the projection π :G(f ) → (E,weak) from the
graph G(f ) of f into (E,weak). From Proposition 1 we know that G(f ) is α-favorable. The proof of Theorem 2
reveals that π is not norm continuous at any point of G(f ). Now we can put h := π and Z := G(f ). Clearly then,
h :Z → E is a weakly continuous nowhere norm continuous mapping defined in an α-favorable space. This completes
the proof for the case E = l∞.
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Theorem 2.3 from [23]. The latter says that there exists a strategy σ for the player Σ in the game G(E,weak, norm)
such that, for every play p := (Ai,Bi)i1, the set ⋂i1 Ai has more than one point. 
We now discuss another application. As usual C(K), where K is a compact space, denotes the Banach space of all
continuous real-valued functions in K equipped with the sup-norm. The same space with the topology of pointwise
convergence will be denoted by Cp(K). If D ⊂ K , we denote by tp(D) the topology of pointwise convergence on D.
Theorem 3. Let S be a dense subset of some compact Hausdorff space T such that, whenever D is a countable subset
of S, every tp(D) compact subset of C(D) is norm separable. Then every tp(S)-quasi-continuous mapping acting
from an alpha-favorable space into C(T ) has a dense set of points of norm continuity.
Proof. We need only prove that every quasi-continuous mapping f :Z → (C(T ), tp(S)) defined on a complete metric
space Z is norm continuous somewhere. For this it would suffice to show that for every ε > 0 and every open nonempty
set U ⊂ Z there exists some nonempty subset U ′ ⊂ U such that ‖ · ‖-diam[f (U ′)] 2ε. Suppose this is not the case.
To come to a contradiction we will use a slight modification of the standard Cantor set construction that results in a
compact subset C ⊂ Z and a countable set D ⊂ S, such that whenever c1, c2 ∈ C and c1 = c2 there is some t ∈ D
with |f (c1)(t)− f (c2)(t)| > ε.
For every t ∈ S the mapping z → f (z)(t) that maps Z into the real line is quasi-continuous. Hence it is continuous
at the points of a dense Gδ-subset of Z. Modifying slightly the Cantor set construction we make sure that the Cantor
set C ⊂ Z lies inside the set of points where the mapping z → f (z)(t) is continuous for every t ∈ D.
Let D be the closure of D in T and consider the natural embedding of f (C) into C(D). Note that the set f (C) is
compact with respect to tp(D), the topology of pointwise convergence on D, and has uncountably many points which
are ε apart from each other in the supremum norm of C(D). That is, f (C) is not separable in (C(D),‖ · ‖∞). This
contradiction completes the proof. 
Corollary 4. [9, Theorem 5] Let T be a compact space such that every separable closed subset of it is metrizable.
Then every pointwise continuous mapping acting from an alpha-favorable space into C(T ) has a dense set of points
of norm continuity. In particular, C(T ) is in T .
Proof. The closure in T of any countable subset D is a metrizable compact. It is well known that in this case C(D)
is norm separable. 
A compact space is called “Valdivia compact” if it is homeomorphic to a compact subset T of the product
∏
Γ R
of real lines so that the elements of T with countable support in Γ form a dense subset S of T . Every countable
subset D ⊂ S has compact and metrizable closure (the latter is homeomorphic to a compact subset of the product of
countably many lines). Therefore (C(D),‖ · ‖∞) is separable. Thus we get:
Corollary 5. Let T be a Valdivia compact. Then every pointwise continuous mapping acting from an alpha-favorable
space into C(T ) has a dense set of points of norm continuity. In particular, C(T ) is in T for every Valdivia compact T .
Theorem 4. If S is a dense subset of some compact Hausdorff space T such that for every countable subset D of S,
Cp(D) is Lindelöf, then every tp(S)-continuous mapping acting from an alpha-favorable space into C(T ) has a dense
set of points of norm continuity. In particular C(T ) is in T .
Proof. This follows immediately from the following result (Corollary C) from the paper of Cascales, Namioka and
Vera [5]:
Theorem 5. Let K be a compact and D a dense and countable subset of K . Then every tp(D)-compact subset of
C(K) which is tp(K)-Lindelöf is separable with respect to the supremum norm topology.
This completes the proof. 
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Theorem 6. Every weakly Lindelöf Banach space belongs to the class T .
3. Norm continuity of weakly quasi-continuous mappings into Banach spaces
The main aim of this section is to show that for a subset X of a Banach space every one of the equivalent conditions
in Corollary 2 is equivalent to any of the conditions in Corollary 3. Thus the fact that a given Banach space belongs
to the class T can be expressed in many different ways.
Theorem 7. Let X be a subset of a Banach space E. The following conditions are equivalent:
(a) there is a winning strategy for the player Σ in G(X,weak,weak);
(b) there is a winning strategy for the player Σ in G(X,weak,norm);
(c) there is a strategy σ ′ for the player Σ such that, for every σ ′-play (A′i ,B ′i )i , the set
⋂
i1 A
′
i = ∅ and there is at
least one sequence (xi)i1 with xi+1 ∈ A′i , that has no cluster points in (E,weak).
In particular, conditions (i) from Corollaries 2 and 3 are equivalent to each other.
Proof. The implications (c) ⇒ (a) ⇒ (b) are evident. We prove now that (b) ⇒ (c). This will be done by a con-
struction already used in [25] to show that the player Ω has a winning strategy in G(X,weak, weak) if, and only if,
he/she has a winning strategy in the game G(X,weak, norm). Before that a similar construction was exploited by
Christensen [6] to show that every weakly continuous mappings defined on a “good” space must be norm continuous
at many points.
Suppose that σ is a winning strategy for Σ in the game G(X,weak, norm). We will construct a strategy σ ′ with
the property described in (c). For technical reasons, we need the first choice of Σ under σ ′ to be a bounded subset
of E. The following statement allows us to do so.
Lemma 2. If there is a winning strategy σ for the player Σ in the game G(X,weak,norm), then there is a winning
strategy σ ∗ for the same player (in the same game) such that A∗1 := σ ∗(X) is a bounded subset.
Proof. Assume the set σ(X) := A1 ⊂ X is the first choice of the player Σ under the strategy σ . If A1 is a subset
of the closed unit ball of B of E, there is nothing to prove. If this is not the case we consider the relatively open
(and nonempty) set B1 := A1 ∩ {x: ‖x‖ > 1} and define A2 := σ(A1,B1). If A2 is a subset of 2B , we set A∗1 :=
σ ∗(X) := A2. In this case, in the next steps we can apply the winning strategy σ :
σ ∗
(
A∗1,B∗1 , . . . ,A∗k,B∗k
) := σ (A1,B1,A∗1,B∗1 , . . . ,A∗k,B∗k ).
In this way we define a winning strategy σ ∗. If A2 is not a subset of 2B , we consider the nonempty sets B2 :=
A2 ∩ {x: ‖x‖ > 2} and A3 := σ(A1,B1,A2,B2). If A3 ⊂ 3B , we put A∗1 := σ ∗(X) := A3 and play further according
to the winning strategy σ . Continuing in this way we must arrive at some k for which Ak ⊂ kB . Otherwise a σ -play
p = (Ai,Bi)i1 will appear for which
Bi := Ai ∩
{
x: ‖x‖ > i} = ∅
for every i  1. Such a play p would be won by Ω (the intersection of the elements of the play would be empty) and
this would be a contradiction. Let m > 0 be the first integer for which Am ⊂ mB . We put A∗1 := σ ∗(X) := Am and
define the strategy σ ∗ as follows:
σ ∗
(
A∗1,B∗1 , . . . ,A∗k,B∗k
) := σ (A1,B1, . . . ,Bm−1,A∗1,B∗1 , . . . ,A∗k,B∗k ).
This completes the proof of the lemma. 
Without loss of generality we may assume that A1 ⊂ B . Take some x1 ∈ A1 and put d1 := inf{t > 0: A1 ⊂ x1 + tB}.
We have d1 > 0, as otherwise, A1 would be a singleton and Ω would win every continuation of this play in the
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such that A′1 := U ∩ A1 = ∅ and U ∩ (x1 + 12d1B) = ∅ (here, as everywhere in this proof, we denote by C the
closure in (E,weak) of the set C). Define σ ′(X) := A′1. Note that A′1 is nonempty and relatively open in A1 and
A′1 ∩ (x1 + 12d1B) = ∅. Let the answer of Ω to this move be some relatively open subset B1 of A′1 (and therefore of
A1). Then (A′1,B1) is a partial σ ′-play and (A1,B1) is a partial σ -play. Suppose that, in the course of defining the
strategy σ ′, we have constructed the partial σ -play pn := (Ai,Bi)ni=1, the partial σ ′-play p′n := (A′i ,Bi)ni=1, the points
(xi)
n
i=1 and the numbers (di)
n
i=1 so that, for every i = 1,2,3, . . . , n,
(i) A′i is a relatively open subset of Ai ;
(ii) xi ∈ Ai ;
(iii) di := inf{t > 0: A1 ⊂ co(x1, . . . , xi) + tB} > 0, where co(x1, . . . , xi) stands for the convex hull of the set
{x1, . . . , xi};
(iv) The closure A′i of A′i in (E,weak) does not intersect the set co(x1, . . . , xi)+ ii+1diB;
(v) ‖ · ‖-diam(A′i ) 2(di + 1i+1 ).
Let An+1 := σ(pn) be the next choice of Σ in the game G(X,weak, norm). Take some xn+1 ∈ An+1 and put
dn+1 := inf
{
t > 0: An+1 ⊂ co(x1, . . . , xn+1)+ tB
}
.
We must have dn+1 > 0, since otherwise the set An+1 would be a subset of a finite-dimensional linear space in which
the weak and the norm topology coincide and Ω would have an obvious winning strategy. Consider the nonempty
set:
An+1 \
(
co(x1, . . . , xn+1)+ n+ 1
n+ 2dn+1B
)
and take some nonempty relatively open subset A of it such that
A∩
(
co(x1, . . . , xn+1)+ n+ 1
n+ 2dn+1B
)
= ∅.
Clearly, A is a relatively weakly open subset of An+1. Now there is a minimal (with respect to cardinality) finite set
M such that
co(x1, . . . , xn+1) ⊂
(
M + 1
n+ 2B
)
.
Since A ⊂ An+1 ⊂ co(x1, . . . , xn+1) + dn+1B , we have A ⊂ M + (dn+1 + 1n+2 )B. Then, for some m0 ∈ M , the
set
A′n+1 := A \
[(
M \ {m0}
)+
(
dn+1 + 1
n+ 2
)
B
]
= ∅.
Since A′n+1 ⊂ m0 + (dn+1 + 1n+2 )B , we have that ‖ · ‖-diam(A′n+1) 2(dn+1 + 1n+2 ).
Define the move of Σ under σ ′ to be σ ′(p′n) := A′n+1. By the construction it is a relatively open subset of An+1.
Let Bn+1 be a relatively open subset of A′n+1. It is relatively open in An+1 as well. Thus we have constructed the
partial σ -play pn+1 := (Ai,Bi)n+1i=1 and the partial σ ′-play p′n+1 := (A′i ,Bi)n+1i=1 such that the conditions (i)–(v) are
satisfied. This, considered as an inductive step, completes the construction of the strategy σ ′. Note that the sets Bi
in both partial plays are the same. Hence Ai+1 ⊂ Bi ⊂ A′i and xi+1 ∈ A′i . The sequence (di)i1 of nonnegative
numbers is nonincreasing. Put d∞ := limn→∞ dn. As (Ai,Bi)i1 is a σ -play and σ is a winning strategy for Σ in
G(X,weak, norm), the intersection
⋂
i1 Ai =
⋂
i1 A
′
i is nonempty and
lim
n→∞‖ · ‖-diam(An+1) = limn→∞‖ · ‖-diam(A
′
n+1) > 0.
Hence, by property (v), we have d∞ > 0. We will show that the sequence (xi)i1 has no weak cluster points in E,
thus proving (c). Assume that it has a weak cluster point x∞; it necessarily belongs to
⋂
A′ . Since the sequencei1 i
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⋃
i1 co(x1, . . . , xi) =
co(
⋃
i1{xi}). Property (iv) however implies that the latter set does not intersect the norm ball of radius 12d∞ centered
at x∞. This contradiction completes the proof of the theorem. 
Corollary 6. The class T is stable under weak-to-weak homeomorphisms, that is, if E1 and E2 are Banach spaces
such that E1 belongs to T and (E1,weak) is homeomorphic to (E2,weak), then E2 also belongs to T .
Proof. This is so because condition (a) in Theorem 7 characterizes the class T solely in terms of the weak topol-
ogy. 
4. Continuity of quasi-separately continuous functions of two variables
Let T be a compact space and let C(T ) be the space of continuous real-valued functions on T . Denote by τp
the topology of pointwise convergence on T and by “norm” the topology generated by the sup-norm. The following
statements have place.
Theorem 8. Let X be a subset of a space C(T ), for some compact space T . Then the following conditions are
equivalent:
(a) there is a winning strategy for the player Σ in G(X,τp, τp);
(b) there is a winning strategy for the player Σ in G(X,τp,norm);
(c) there exists a strategy σ ′ for the player Σ such that, for every σ ′-play (A′i ,B ′i )i , the set
⋂
i1 A
′
i = ∅ and there is
some sequence (xi)i1 with xi+1 ∈ A′i that has no τp-cluster points in C(T ).
Proof. Clearly, (c) ⇒ (a) ⇒ (b). The proof of (b) ⇒ (c) coincides with the proof of the same implication in Theorem 7
up to the following single change. If x∞ is any τp-cluster point of the sequence (xi)i1 then there is a subsequence
(xik )k1 which τp-converges to x∞. This follows from the fact that, (i) (xi)i1 is a relatively countably τp-compact
subset of B and (ii) C(T ) with the pointwise topology is angelic. The Lebesgue dominated convergence theorem
then shows that (xik )k1 converges weakly to x∞. Hence x∞ must belong to the norm closure of the convex set
co(
⋃
k1{xik }) which contradicts property (iv). This completes the proof of the theorem. 
We formulate here some assertions concerning the space (C(T ), τp) which are in the style of the results from the
previous section.
Corollary 7. The following properties of a subset X of a C(T ) space are equivalent:
(i) G(X,τp, τp) is Σ -unfavorable;
(ii) every quasi-continuous mapping f :Z → (X, τp) from a complete metric space Z is τp-continuous at some point
of Z;
(iii) every quasi-continuous mapping f :Z → (X, τp) from an α-favorable space Z is τp-continuous at the points of
a subset which is second category in every nonempty open subset of Z.
Corollary 8. The following properties of a subset X of a C(T ) space are equivalent:
(i) G(X,τp,norm) is Σ -unfavorable;
(ii) every quasi-continuous mapping f :Z → (X, τp) from a complete metric space Z is norm continuous at some
point of Z;
(iii) every quasi-continuous mapping f :Z → (X, τp) from an α-favorable space Z is norm continuous at the points
of a dense (and Gδ) subset of Z;
(iv) every continuous mapping f :Z → (X, τp) from an α-favorable space Z is norm continuous at the points of
a dense (and Gδ) subset of Z.
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(i) All the conditions listed in the above two corollaries are equivalent to each other.
(ii) Let X1, X2 be subsets of C(T1), C(T2) correspondingly. If (X1, τp) is homeomorphic to (X2, τp) and X1 has one
of the equivalent properties listed in the last two corollaries, then X2 also has these properties.
Proof. Follows immediately from Theorem 8. 
Let Z be a topological space, T a compact Hausdorff space and f a real-valued function defined on Z × T . The
function f is said to be separately continuous if for every z0 ∈ Z and every t0 ∈ T the functions t → f (z0, t) and
z → f (z, t0) are continuous on T and Z respectively. Under rather mild restrictions imposed on the spaces Z and T
it was established that for every separately continuous function f there exists a dense Gδ subset A of Z such that f
is continuous at every point of A× T (see [33,3,43,44,7]).
We establish here similar results for functions f which satisfy a requirement slightly weaker than separate conti-
nuity.
Definition 2. We call a real-valued function f quasi-separately continuous at (z0, t0) if t → f (z0, t) is continuous
on T and for every finite set K ⊂ T and every ε > 0 there exists some open V ⊂ Z such that z0 ∈ V and |f (z, t) −
f (z0, t)| < ε whenever z ∈ V and t ∈ K . The function f is called quasi-separately continuous if it is quasi-separately
continuous at every point of Z × T .
Clearly, every separately continuous function f is quasi-separately continuous as well. Simple examples (in which
T is a singleton) show that the two notions do not coincide. The terminology we use becomes natural if we adopt
another point of view and consider the function f as a mapping from Z into the space RT of all real-valued functions
on T . This mapping (denoted by, f˜ :Z → RT ) puts into correspondence to every z0 ∈ Z the function f˜ (z0)(t) :=
f (z0, t). The function f is separately continuous if, and only if, f˜ (z) ∈ C(T ) for every z ∈ Z and the mapping
f˜ :Z → (C(T ), τp) is continuous. It is easy to see that f is separately quasi-continuous if, and only if, the map
f˜ :Z → (C(T ), τp) is well defined and quasi-continuous.
On the other hand, f is continuous at (z0, t), for all t ∈ T , exactly when f˜ :Z → C(T ) is continuous at z0 with
respect to the supremum norm on C(T ). Therefore the problem we discuss now, is in fact, identical with what we
were studying above: characterize the situation when every quasi-continuous mapping f :Z → (C(T ), τp) defined
on a complete metric space Z has a dense Gδ subset of points of norm continuity. The next statement presents
several equivalent characterizations. They are either in the language of quasi-separately continuous or just separately
continuous functions.
Theorem 9. Let T be a compact space and let C(T ) be the space of continuous functions on it. The following
properties are equivalent:
(i) G(C(T ), τp, τp) is Σ -unfavorable;
(ii) (equivalent to condition (ii) from Corollary 7) for every quasi-separately continuous function f :Z × T → R,
where Z is a complete metric space, there is a point z0 ∈ Z such that, for every fixed t0 ∈ T the function f (z, t0)
is continuous at z0;
(iii) (equivalent to condition (ii) from Corollary 8) for every quasi-separately continuous function f :Z × T → R,
where Z is a complete metric space, there exists a point z0 ∈ Z such that f is continuous at each point of the set
{z0} × T ;
(iv) (equivalent to condition (iii) from Corollary 8) for every quasi-separately continuous function f :Z × T → R,
where Z is an α-favorable space, there exists a dense Gδ subset A ⊂ Z such that f is continuous at each point
of the set A× T ;
(v) (equivalent to condition (iv) from Corollary 8) for every separately continuous function f :Z × T → R, where
Z is an α-favorable space, there exists a dense Gδ subset A ⊂ Z such that f is continuous at each point of the
set A× T ;
(vi) G(C(T ), τp,norm) is Σ -unfavorable.
Proof. Follows immediately from Corollary 8. 
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The study of the class T is a natural continuation of the considerations in [20,11,32]. In [32] the spaces from the
class T were called “GGC spaces” (General Generic Continuity Spaces) in contrast to the related class of spaces
called “Generic continuity spaces” in [20,11,26].
Let X be a topological space and let ρ be some metric defined on it (not necessarily generating the topology of X).
For any ε > 0 and any subset X1 of X, we say that X1 is fragmented by ρ down to ε if, for every nonempty subset
A ⊂ X1, there exists a nonempty relatively open subset B ⊂ A such that ρ-diam(B) < ε.
The following notion was introduced by Jayne and Rogers [18]. It concerns the situations when the topology on
a given space X is not necessarily metrizable but has a specific relation to some metric ρ.
Definition 3. [18] Let (X, τ) be a topological space and let ρ some metric defined on it. Then the space (X, τ) (or the
topology τ ) is said to be fragmented by the metric ρ if for every ε > 0, X is fragmented by ρ down to ε.
Every metrizable space X is, of course, fragmentable. There are however many nonmetrizable spaces that are
fragmentable (see the papers of Namioka [34] and Ribarska [40,41] for further information concerning fragmentable
spaces).
This notion turned out to be a convenient tool in the investigation of; (i) the geometry of Banach spaces; (ii) the
study of the set of points where a given convex function is (Gâteaux or Fréchet) differentiable and (iii) the generic
well-posedness of optimization problems. Of special interest is the situation when the metric topology generated by
the fragmenting metric ρ contains some topology τ ′ on X (in this case we say that ρ majorizes τ ′). The following
statement shows how fragmentability can be expressed by means of the game G(X,τ, τ ′) (see [23–25]).
Theorem 10. A topological space (X, τ) is fragmentable by a metric ρ which majorizes a topology τ ′ if, and only if,
there exists a winning strategy for the player Ω in the game G(X,τ, τ ′).
When τ ′ is the trivial topology (consisting of the empty set and the whole space X) this yields a criterion for
fragmentability of (X, τ). In this case Ω wins the play (Ai,Bi)i1 if, and only if, the set
⋂
i1 Ai contains not more
than one point.
Unfortunately, the weak topology on a Banach space is rarely fragmented by the norm metric. Much more fre-
quently though, the following notion which was introduced and studied by Jayne, Namioka and Rogers in [13–17]
does occur.
Definition 4. A space X (or its topology τ ) is said to be sigma-fragmented by a metric ρ if, for every ε > 0, there
exists a countable family (Xεi )i1 of subsets of X such that:
(i) X =⋃i1 Xεi ;
(ii) every Xεi , i = 1,2,3, . . . , is fragmented by ρ down to ε.
In the setting of Banach spaces the words “E is sigma-fragmented by the norm” or “E is sigma-fragmented” mean
that the weak topology on E is sigma-fragmented by the norm metric. The following theorem (see [24,25]) shows that
in a Banach space setting the two notions, fragmentability and sigma-fragmentability are closely related.
Theorem 11. For a subset X of a Banach space E the following properties are equivalent:
(i) X admits a metric ρ which fragments the weak topology and majorizes the norm topology (i.e., the player Ω has
a winning strategy in the game G(X,weak,norm));
(ii) X admits a metric ρ which fragments the weak topology and majorizes the weak topology (i.e., the player Ω has
a winning strategy in the game G(X,weak,weak));
(iii) X is sigma-fragmented by the norm.
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duced by Kempisty in [19]. However the roots of this notion go back to V. Volterra (see Baire [1, p. 94–95]). Recently,
the general form of quasi-continuity (for mappings between general topological spaces) has been used in the proof that
some semitopological groups are actually topological groups (see [3,4] and [22]) and in the proof of some generaliza-
tions of Michael’s selection theorem (see Giles and Bartlett [10]). A great deal of interesting information concerning
quasi-continuity of mappings may be found in the survey paper [35] of Neubrunn.
A frequently used way to establish the existence of “points of joint continuity” for a separately continuous real-
valued function f consists of first establishing that f :X × Y → R is quasi-continuous and then showing that in
this situation f must be continuous at many points (for the developments in this direction over the years see the
papers of Martin [30], Marcus [29], Mibu [31], Piotrowski [36–39], Troallic [45]). Intuitively, one expects that quasi-
continuous mappings have many points of continuity. This is indeed often the case. Levine [28] has shown that if
X is a separable metric space, then every quasi-continuous map g :Z → X can be discontinuous only at the points
of a first Baire category subset of Z. Bledsoe [2] proved a similar result for the case when X is a general metric
space. Results of this kind can be found in many articles (see for instance, the survey papers [37,38] of Piotrowski).
There are however quasi-continuous mappings that are nowhere continuous. Take Z := (0,1) with the usual topology,
X := (0,1) with the Sorgenfrey topology and the identity mapping g :Z → X. Then the map g is quasi-continuous
but nowhere continuous.
The following simple result provides a rather general situation when quasi-continuous mappings do have continuity
points.
Theorem 12. Let Z be a topological space and (X, τ) be a topological space which is fragmented by some metric ρ.
Suppose that f :Z → (X, τ) is a quasi-continuous mapping. Then there exists a subset C(f ) ⊂ Z such that:
(i) Z \C(f ) is of the first Baire category in Z (i.e., C(f ) is a residual subset of Z);
(ii) at the points of C(f ) the mapping f is ρ-continuous.
In particular, if the topology generated by the metric ρ majorizes some topology τ ′ on the space X, then f :Z → X
is τ ′-continuous at every point of the set C(f ).
Proof. Consider, for every n = 1,2, . . . , the set Vn := ⋃{V : V open in Z and ρ- diam[f (V )]  n−1}. The set Vn
is open in Z. It is also dense in Z. Indeed, suppose W is a nonempty open subset of Z. Consider the nonempty set
A := f (W) ⊂ X. By the fragmentability of X there is some nonempty relatively open subset B := A∩U = f (W)∩U ,
where U is τ -open in X, such that ρ-diam[B] n−1. The quasi-continuity of f implies that there is some nonempty
open V ⊂ W with f (V ) ⊂ U ∩ f (W) = B . This shows that ∅ = V ⊂ Vn ∩W . Hence, Vn is dense in Z. Obviously, at
each point of C(f ) :=⋂n1 Vn, the map f is ρ-continuous. 
In particular, fragmentability of a Banach space (E,weak) by a metric majorizing the norm topology on E implies
the existence of many points of norm continuity for a weakly quasi-continuous mapping defined on a Baire space. Note
that, in view of Theorem 11, Banach spaces admitting such a fragmenting metric are precisely those Banach spaces
that are sigma-fragmented by their norm. Therefore, sigma-fragmentable Banach spaces belong to the class N , a fact
established by Jayne, Namioka and Rogers (see [13,14]).
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